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Abstract 

Let {Z n ,n > 0} be a critical branching process in random environment 
and let T be its moment of extinction. Under the annealed approach we 
prove, as n — y oo, a limit theorem for the number of particles in the 
process at moment n given T = n + 1 and a functional limit theorem 
for the properly scaled process {Z nt , S < t < 1 — 5} given T = n + 1 and 
5 e (0,1/2). 

Key words and phrases. Branching process, random environment, random walk, 
change of measure, survival probability, functional limit theorem 
MSC 2000 subject classifications. Primary 60J80, Secondary 60G50, 60F17 



1 Introduction and main results 

The model of branching processes in random environment which we are dealing 
with in this paper was introduced by Smith and Wilkinson [3] . To give a formal 
definition of these processes denote A4 the space of probability measures on 
No := {0,1,2,...} and let Q be a random variable taking values in M.. An 
infinite sequence II = (Qi, Q2, . . .) of i.i.d. copies of Q is said to form a random 
environment. A sequence of No-valued random variables Zq, Z%, . . . is called a 
branching process in the random environment II, if Z is independent of II and, 
given II, the process Z = (Zq, Z\, . . .) is a Markov chain with 

C(Z n I Z n -1 = Z n -1, 11= (gi,?2,---)) = £(£ n iH r-£nz„_i) (1) 
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for every n > 1, z n —i G No and tf 1 , (ft j • • • G .M, where £n2, • ■ • are i.i.d. 
random variables with distribution q n . We can write this as 

Zn : = £ni, (2) 

i=l 

where, given the environment, Z is an ordinary inhomogeneous Galton- Watson 
process. Thus, Z n is the nth generation size of the population and Q n is the 
distribution of the number of children of an individual at generation n — 1. Wc 
will denote the corresponding probability measure on the underlying probability 
space by P. 

In what follows we identify Q and Q n , n = 1, 2, with (random) generating 
functions 

oo 

f(s) := s * = : E [ S *\Q] > < s < 1 , 

and 

oo 

/„(«) := 2 s ' = : E [ s4 " \Qn] , < a < 1 , 

i=0 

and make no difference between the tuples IT = (Qi, Q2, ■ ■ ■) and f = /2, ■ • ■)• 
Let 



X fe :=ln/£(1), % 



2 ' 



n— >oo 



2 (/;(!)) 

and 

(/,X,»7) = (/i,*i,t?i). 

The sequence 

5 := 0, S n := X x + ... + X n , n E N := {1, 2, ...} 

is called the associated random walk of the corresponding branching process in 
random environment (BPRE). 

Following [T] we call a BPRE critical if lim sup^^^ S n = +00 and lim inf 
— co both with probability 1. 

Let 

T = min {k > : Z(k) = 0} 

be the extinction moment of the critical BPRE. The aim of the paper is to 
study, as n — > 00, the behavior of the process {Z(m), 1 < m < n} given T = 
n + 1. Critical BPRE's conditioned on extinction at a given moment were 
investigated in [3] and [8] under the annealed approach and in [7] under the 
quenched approach. In all the papers it is assumed that the functions f n (s) are 
fractional-linear, namely, 

1 _ e- x - 
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In [5] the asymptotic behavior of the probability P (T = n) as n — > oo is 
found and a conditional functional limit theorem for the properly scaled process 
{Z(m), 1 < m < n} given T = n + 1 is proved under the assumption that the 
distribution of X belongs to the domain of attraction of a stable law with 
parameter a e (0, 2). It was shown that in this case the phenomena of sudden 
extinction of the process takes place. Namely, if the process survives for a long 
time (T = n + 1 — > oo) then \ogZ\ n f\ grows, roughly speaking, as v}l a up 
to moment n and then the process instantly dies out. In particular, \ogZ n is 
of order n 1 /". This may be interpreted as the evolution of the process in a 
favorable environment up to moment n and sudden extinction of the population 
at moment T = n + 1 — > oo because of a very unfavorable, even "catastrophic" 
environment at moment n. 

For the case EX 2 < oo the asymptotic behavior of the probability P (T = n + 1) 
as n — > oo was investigated in [3]. However, no functional limit theorem was 
proved. We fill this gap in the present paper and establish a conditional func- 
tional limit theorem for the process 



as n — > oo and, in addition, show that the conditional law C (Z n \ T = n + 1) 
weakly converges to a law concentrated on natural numbers. Thus, contrary 
to the case considered in [5], the phenomenon of sudden extinction is absent if 
EX 2 < oo under the annealed approach. 

Note that paper [7] demonstrates that in case of the quenched approach the 
phenomenon of sudden extinction does not occur if X belongs to the domain of 
attraction of a stable law with parameter a £ (0, 2]. 

Now we list the basic conditions imposed in this paper on the characteristics 
of our BPRE. 

Assumption Al. There exists a constant \ € (0) 1/2) such that 



with probability 1. 

Assumption A2. The distribution of X has zero mean, finite and positive 
variance a 2 and is non-lattice. 



{Z, 



s "%5<t< l-5\T = n + l},5e (0,1/2) 



< X < /(0) < 1 - X, V>X 



(3) 



Let 



OO 



C (a) := £ y 2 Q ({y}) /m (Q) 2 , a e N := {1, 2, ...} . 



Assumption A3. For some e > and some a G N 



E (log+CM) 



< oo, 



where log + x := log (max {a:, 1}) . 
Here are our main results. 
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Theorem 1 Under Al to A3, as n — > oo, 

P(T = n + l) ~cn~ 3/2 , 

where c G (0, oo), and 

£(Z n \T = n + l)^£ (Y) 
weakly, where Y is a non- degenerate random variable finite with probability 1. 

Theorem 2 Under Al to A3 for any 8 <E (0, 1/2) , as n -)• oo, 
Z „ 



£[ -^,t e [(5,1 -S] T = n + 1 ) C (Wt, t G [5, 1 — 5]) 



where the limiting process Wt has a.s. constant trajectories, i.e., 
P(W t = W for all t G (0, 1)) = 1, 

and 

P(0 < < oo) = 1. 

Here the symbol =>■ means weak convergence with respect to the Skorokhod 
topology in the space D[5,l — 6] of cadlag functions on the interval [5, 1 — 5]. 

The proofs of the above results are based on the approach initiated in [T] 
and developed recently in [2] and use the fact that the asymptotic behavior of 
the critical BPRE's is, essentially, specified by the properties of its associated 
random walk. 

2 Some auxiliary results 



In this section we give a list of general results related with an oscillating random 
walk So, Sk = So + X\ + ... + with no referring to the critical BPRE's and 
we allow here So to be a random variable for technical reason. These results are 
basically taken from [2] and are established under the following assumption. 

Assumption A4. There are numbers c n — > oo such that the sequence S n /c n 
converges in distribution to an a— stable law which is neither concentrated on 
M + := [0,oo) and R_ := (— oo,0]. It is nonlattice. 

Introduce the random variables 

M n :=max(S'i,...,5„), L n := min (Si, S n ) 

and, given So = 0, the right-continuous functions u : R — > R + and v : R —> R + 
specified by the equalities 

oo 

u(x):=l + Y2P(-S k <x,M k <0), xeR+, 

k=l 
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v(x) :=1 + ^P(-S , fc >x,L k >0), a;eM_, 
fe=l 

with u(0) = u(0) = 1 and u(— x) = v(x) = 0, i£ R+. 

One may check (see, for instance, [TJ and [2] ) that for any oscillating random 
walk 

E[u(x + X);X + x>0]=u(x), x e R+, (4) 

E[u(a; + X);X + a; < 0] = v(x), x S R_. (5) 

By it and v we construct two probability measures P + and P~. To this aim let 
Ox,0%, ■■■ be a sequence of identically distributed random variables in a state 
space T>, adapted to a filtration (J r n) n £ No) (possibly larger than the filtration 
generated by (0„,n > 1)) such that for all n, O n +i is independent of J 7 and, 
in particular, (O n , n > 1) is a sequence of i.i.d. random variables. Let, further, 
Ro, Ri, ... be a sequence of random variables in a state space S and also adapted 
to T . We assume that the increments (X n ,n > 1) of the random walk S are 
such that for all n, X n are measurable with respect to the er-field generated by 
O n and So is J^-measurable. 

Now for any bounded and measurable function g : S — > K, we construct 
probability measures P^,x > 0, and P~ ,x < 0, fulfilling for each n the equali- 
ties 

E+ [g(R a ,...,R n )} = — -E :c [ 5 (i?o,...,i?„)M(5„);L n > 0] 
u(x) 

and 

E" [ 5 (iio, -, = -^tE, [g (R , i?„) u(5„); M n < 0] . 
v(x) 

Using (HJ)-© it is not difficult to check (see pQ and [5] for more detail) that 
the measures specified in this way are consistent in n. 

Let d n = (nc n ) . In the sequel if no otherwise is stated, we write a n ~ b n 
if limn^oo a n /b n = 1 and a n ->• a if lim, woo a„ = a. 

Let 

r(n) = min {i < n : Si = min (So, S±, S n )} 

be the moment of the first random walk minimum up to time n. 
The next three results are borrowed from [5] . 

Lemma 3 ( £|J/ ; Proposition 2.1) Under assumption A4 for x > 0, 9 > 

p oo 

E x [ e - 8S ";L n > 0] - s{0)d n u(x) / e~ ez v(-z)dz 

Jo 

and for x < 

/>oo 

E z [e e5 ";r(n) = n] ~ s(0)d„u(;r) / e- 6z u(z)dz. 

Jo 

In particular, if a 2 := EX 2 < oo then, for some positive constants K\ and K2 
E [e- Sn ;L n > 0] - K in - 3/2 and E [e s ";r(n) = n] ~ if 2 n~ 3/2 - (6) 
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For 9 > 0, let fie,ve be the probability measures on R + and R_ given by 
their densities 

fig (dz) := c 10 e~ ez u(z)I (z > 0) dz, vg (dz) := c 2 ge ez v(z)I (z < 0) dz, (7) 
where 



e- 0z u(z)dz, c^ 1 = / e~ 0z v(-z)dz. (8) 



Lemma 4 ( fflj, Proposition 2.7) Let < S < 1. Let [/„ = (i? , ...,-R[5„]) , 
u > 1, be random variables with values in an Euclidean (or polish) space S such 
that, as n y oo 

U n -> C/oo P+ a.s. 

/or some S-valued random variable Uqq. Also, let V n = h n (Qi, Q[s n ])> n ^ 1j 
6e random variables with values in an Euclidean (or polish) space S' such that 

V n -t P" a.s. 

for all x < and some S' -valued random variable Voo. Denote 

V n '■= h n (Q n , Qn-[Sn] + l) ■ 

Under assumption A4 for 9 > and any bounded continuous function ip : 
S x S' x R -> M as n -)■ oo 



E 



(l7n,Vn,S , n)e- flS »;L n >0 



E[e-«s»;L n >0] 

->■['■'[ ^(U'V'-z) P+ (^oo G du) (V^x, G du) ^ (dz) 
The dual version of Lemma @] looks as follows. 

Lemma 5 J^/, Proposition 2.9) Let U n , V n , V n , n = 1,2, oo, 6e as m Lemma 
[2] and now fulfilling, as n — > oo 

E4 ~> C^oo P£ - a.s., K -> Voo P a.s. 

/or at/ x > 0. Under assumption A4 for any bounded continuous function 
(/3:SxS'xM-)M and for 9 > as n — > oo 



E 



E[e es ™;r(n) = n] 

ip (u, v, -z) P+ (Uoo e du) P~ (V^oo e du) jUe (dz) • 



Remark 6 It is easy to see (by introducing formal arguments) that the state- 
ments of the lemmas are valid for any integer-valued function w(n) such that 
w(n) < 5n for all sufficiently large n. Then the functions g n and h n can be 
viewed as functions also of the missing variables). Later on we use this fact 
with no additional reference. 
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3 Discrete limit distribution 



Introduce the compositions 

fk,n(s) ■= fk+l(fk+2(- ■■ fn(s) ■■■)), < k < fl, f n ,n(s) ■= S, (9) 

and 

/fe,o(s) := /*(/fc-i(- --his) ■■■)), k>0. 
In this notation we may rewrite the distributional identity ([!} for k < n as 

E[s z " | f,Z k ] = E[s z " | n, = fk, n ( s ) Zh p - a - s - (10) 
For < k < n and S a := let 

Ofc, n := e _(Sn_,Sfc ^ a„ := a ,„ = e" s ", 

71—1 n — 1 

6fc,n := ^^+ie~ (S! ~ S,t) , b n := b , n = ^ ?7 4 +ie" s \ (11) 

i=fe «— 

Lemma 7 (see, for instance, In the fractional-linear case for any < j < n 

(l-/i,n(*)r 1 = ^ + 6i,n. (12) 

In, particular, 

(1 - /i,„ (0))" 1 = + &,,„ (13) 

and 

(1-/0,„( S ))- X = I ^ + &n = (l-/0, J -(/,>(s))r 1 

6 . = ^ +6 . +aAn (M) 



1 - /j',71 (S) 



Lemma 8 (see Lemma 3.1 in JBj) If conditions A3 - A4 are valid then for any 
x>0 

oo 

B + := lim b n = \^ r/i + ie~ Si < oo P^T- a.s. 

n— >oo — ' 

i=0 

and for any x < 

n oo 

B~ := lim r]ie Si = / ^ r\%e Si < oo PJ- a.s. 
i=l i=l 
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Let k : R — > R+ be the function specified by the equality 
where I (A) is the indicator of the event A, and let, for positive constants a, ft 7 



(j>(a,f3,~f;u,v,x) := 



1 



e x a + (3 + 7(« (u) + e ^(t))) 



(15) 



and 



$ (u,v,x) = $ (ai,a 2 ,/3i,ft>,7i,72;u, w,a;) := JJ (a,-, ft, 7*; u, v, x) . 

i=\ 

Clearly, $ (u,v,x) is continuous in R 3 and bounded by /3 1 ~ 1 /3^~ 1 . 

Lemma 9 Under the conditions A3-A4, for any on > 0, ft > 0, 7; > 0, i = 1, 2 



E 



/E [e- s ";L„ > 0] 



.EL^i (e-^Qii + ft + 7i&„) 

-)• JJJ <S>(u,v, -z) P+ (S+ e rfu) (s- e cfo) ^1 

Proof. We have 

e- s "a + /3 + 7 fe n = e- s "a + /3 + 7(C/ [n/2] + e~ s "V [n/2] ) 
= 1/0 (a, /3,7;f / [«/2],V[«/2],'5'r l ) , 

where 

^[n/2] =5[n/2] (<9l, Q[n/2]) '■= \n/1] 

with &„ specified by (fTT]), and 



n-[n/2] 

V[ n /2] — h[n/2] (Qn, <9n-[n/2] + l) := 2^ %+["/2]+l e 

i=0 

By Lemma [5] as n — ► oo for any x > 

^[n/2] = V/2] B+ P^-a-s. 

and, for any x < 

[n/2]+l 



S„-S i+ [„/ 2 ] 



(16) 



V[„/ 2 ] - ne 3 ' -> B ~ p * " a - s - 

2=1 

Applying Lemma [4] to $ ff/nj S n ^j completes the proof of the desired 



state- 



ment. 



Let, for a > 



ip (a; u, v, x) :- 



a + e x n (u) + k (v) 



and 



if? (u, V,x) — if? (Ofl, Ct2\ u, v, x) := J^J 1p [di] u, v, x) . 



(18) 
(19) 



Lemma 10 Under the conditions A3-A4, for any a% > 0,a2 > 



E 



r(n) = n 



/E [e s ";r(n) = n] 



* (u, w, -z) P+ (B+ e dit) P" (B~ e du) /ii (dz) . 



Proof. We have 

a + e Sn b n = a + e s "[/[„ /2] + V[ n/2 ] = 1/^ (a; [/[ n / 2 ], Vjn/2], 5"n) , 

where t/[„/2] and Vj n /2] are the same as in Lemma GO Now using (fT6| and ([TT)l 
once again it is not difficult to complete the proof of the lemma. 
Proof of Theorem [1] For s E [0, 1) denote 



Xf(s) 



9/(0) 



1 - ^/(O) 



, G„(s) := 1 - /o, n (s) 



1 - s 



and let 



A« (s) 



/0,n(s/(0))-/ ,„ (0) 
= (1 - /o,n (0)) (1 - /o,n (*/(0)))e- 
= G„(/(0))G„( S /(0))X / ( S )e- s " 



(a„ + b n )~ 



sf(0) 
1 - s/(0) 



(20) 



1 - -9/(0) 



+ b n \ X f {s)e- S ", 



where we have used the explicit form of fo,n(s) and the equality / = f n +i- It 
is not difficult to check that 

E[s z ";T = n + l] = E [s Zn ; Z n > 0, Z n+ i = 0] 



= E 
= E 



(s/ n+1 (0)) Z "/(Z„ >0) 



(s/ n+1 (0)p -I{Z n = 0) = EA„ (s) 



I>i (N, n) + £> a (JV, n) + D 3 (N, n) , 



where 



A' 



D 1 (N,n) :=^E[A„ (s) ; r(n) = j] 

3=0 
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n-N-l 

D 2 (N,n):= £ E [A„ (s) ; r(n) = j] , 

3 =N+1 
n 

D 3 (N 7 n):= ]T E [A n (s) ; r(n) = j] . 

j=n-N 

By (j2"0")) , the evident inequalities 

l-/o,n(0)= min (l-/o, fe (0))< min e Sfe =e^">, 

l</c<n l<fc<n 

Assumption Al and the estimates 

X f (s)<X f (l)<(l-x)x- 1 ^P (21) 
following from ([3]) we obtain 

A„( S ) < (l-/o, n (0)) 2 e- s "^(l) < PX e 2S ^' s - < pe 2S ^~ s ™ . 

Using this estimate, the asymptotic relation and the duality principle for 
random walks it is not difficult to show that for any e > one can find N — N(e) 
such that for all sufficiently large n > 2N + 1 

n-N-l 

D 2 (N,n) < p E[e 2S ^>- s ";r(n) = j] 

j=N+l 
n-N-l 

= P E E[e a ';T(j)=j]E[e- s »-*;L n - j >0] 

j=N+l 

< co ^ x E -mi— W2 <^ 12 - ( 22 ) 

j=N+l J V J ' 

Further, for fixed j let 

n-[(n-j)/2] 
i=0 



By (Till) and ([IS) we have for s e [0, 1) 



Gn(*/(o)) = ( 1 j; /(0) +^+«A> 



( i- a s/(0) e ' (5 "' 5j) + 6j + ° J + e (S " _S3)t> [(n-i)/2])) 

^ ( l -8/(0) ' bj ' aj '' ^K"-J')/ 2 ]' %"-J)/2h _ ^i) ^ 1 - ( 23 ) 
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Cti = dj, (X2 



Denote by T* the a- algebra generated by Q,Qi,-.,Qj and introduce a tempo- 
rary notation 

Then 
with 



l-s/(0)' 

E [A n (s) ; r(n) = = E [a 3 Xj(s)I (r(j) = j) A,- „(*)] 



(24) 



E 



( ctia n -j + 6j + dj6 n _. 



E 



-s„_ 



and where we have taken the agreement that a random variable C = C fOi; ••) Qn^j 
has the same definition as £ = £ (Qi, Q n ) but is generated by a sequence 
Qi ; ■•, Qn which is independent of J 7 * and has the same distribution as Q%, Qn • 
By (|23|) and asymptotic representation ([6]) we conclude that for each j there ex- 
ists a constant such that 



i 3/ %,„(s) < n 3/2 E le - ^; > 



< di 



for all n. Now, using Lemma [§] and the dominated convergence theorem we see 
that for each fixed j 



Ms) 



lim n 3 / 2 E [A„ (s) ; r(n) = j] 

aj X f (s)I(r{j)=j) lim n 3 / 2 A,-„( S ) 

= i^E [a,/ (r(j) = j) X f (3)^(3)} , (25) 



n— ¥oo 

= E 



where 



$ a 



*J' ]~Z s/(0) ' ^' ^ ' a j' a J> w ' — z ) x 



cP + (B + 6 du) P~ (B~ e dv) v\ (dz) . (26) 



To evaluate E [A„ (s) ; r(n) = n — j] for a fixed j let Tj be the the a-algebra 
generated by a sequence of random laws Q, Qi, ■•, Qj, where Qi, ..,Qj are dis- 
tributed as Qx, Qj and are independent of Qi, Q n . Introduce a temporary 
notation 

«i = : 5 — 7T7 > !. «2 = : 5 — > 1. (27) 



1 - fo tj (0) 



1 - / 0jj (s/(0)) 
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By UU we see that 

E[A„ (s);r(n)=n-j] 
= E \G n -j(f n - jtn (0))G n -j (fn-j, n (s/(0)) e- s "-e-( s "- s "-^X / (s); r(n) = n - j 



E 



^■7(4- >o) X/^/^s) 



where 



Sj,„(s) := E 



IL=i (a* + e s »-i6 n _ J -) 



;-r(n-i) = n-j\Fj 



In view of (l27|) n*=i + eSn ~ j b n -j) > 1 which, along with ([6]), implies that 
for each j there exists a constant d' 4 such that 

n 3/2 Bj- „(s) < n 3/2 E [e s — 3 ; r(n -j)=n- j] < dj 

for all n. Now Lemma 1101 the duality principle for random walks and the 
dominated convergence theorem yield for each j 



Bj(s) 



lim n 3/2 E [A„ (s) ; r(n) 



E 



^■7 (% > o) X/(s) lim n 3/2 Bj, n (s) 
(L i >0)x / ( S )S i ( S ) 



K 2 E 



where (recall (H} and fT9])) 



*(cti,a 2 ;«,w,-z)P+ (B + erfu)P (S €dv)m(dz) 



with di and d2 specified by (|27j) . As a result letting first rt — > oo and than 
N — > oo we get 



i? (s) := lim ti 3 / 2 E ; T = ?i + ll = V (A- (s) + B, (*)) . 



In particular, 



lim n 3/2 P (T = n + 1) = H{1) 



(28) 



Hence we conclude that 



lim E[^|T = n + l]=|^=:EK] 

and, by the dominated convergence theorem and continuity of the functions 
involved, lim s -|-i H (s) = H (1) showing that the limiting distribution has no 
atom at infinity. 

The theorem is proved. 
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4 Functional limit theorem 

The proof of Theorem [2] uses the same ideas as the proof of Theorem [T] 
Let I : R — > [0,1] be the function specified by the equality 

l(y) :=yl(0<y<l) + l(y>l). 

For parameters a > 0, j3 > 0, A > 0, a three-dimensional vector u = (ui, U2, W3) 
and variables v and x introduce the function 

9 (a, f3, A; u, v, x) - 



e~ x a + {\ae~ x l(ui) + l(ui)l («)) (/3 + aK,(u 3 )) 



It is not difficult to check that if U2 > e for some e > then cf> (a, (3, A; u, v, x) < 
/3~ 1 e~ 1 and is continuous in u, v and x in the mentioned domain. For the par- 
ticular case u = (1, 1, u) we use one more notation 

6* {a, /?, A; u, v, x) := -J^Ivur^ flV ^ 

ae x + [Aae x + l{v)j [p + anyu)) 

With the functions above and v = (wi,«2) we associate two more functions 

2 

e(a,/3,A;u,v,a;) := JJ 6 A;u, v u x) , 

i=l 
2 

9* (a, /3, A;u,v, 2;) := JJ 0* (a, /3, A; it, «i, x) . 



For fixed t G (0, 1) and r S [0, 1) introduce a random vector 

u [nt] - \ U [ntY U [nty U lnt]) 

and a random variable Vj ni i (r) by the equalities 



<] : = ^i-^ SM1} ' := 6XP {~ Xae ~ Sint1 } ' U lnl] ■= W (30) 



and 

V[»t](r) := (l-/ M ,»(r))e s M-s», (31) 

Let, further, 

V fc (r) := (l-/ fe , (r))e- Sfc . 
It follows from Lemma [8] that 

lim Sk = 00 P + - a.s. for any x > 0. 

This and Lemma |8] show that, as n — > 00 

U» ^Uoo := (1,1,5+) P+-a.s. (32) 
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Besides, if V[„ t ](ri,r2) := (V[nt]( r i)i ^[nt]( r 2)J then as k — > oo (see, for instance, 
formula (3.1) in [6]) 

V fc (r 1; r 2 ) := (T4(n),T4(r 2 )) 

-^(^(rO.VooCraJJ^VooCn.ra) P~ - a.s., (33) 



where 

Observe that 



l/VooCr) := B~ + (1 - r)- 1 . (34) 



P+ (0 < B + < oo) = P" (0 < Voo (r) < 1) = 1 



by Lemma El 

The arguments above combined with Lemma |4] imply the following state- 
ment. 

Lemma 11 Under conditions Al to A4 



E 



e 



(a, 0, X-,V [nt] ,y [nt] (r 1 ,r 2 ), S n J e Sn ;L n >0 



E[e- s ^;L n > 0] 

9* (a, /3, A; u, v, -z) P+ (B+ e du) P J (V M (n , r 2 ) e dv) (dz) . 
Now we consider the function 

l(v) 



uj (A; u, v, x) := 



1 + (AZ(ui) + l(u 2 )l(v)e x ) k(u 3 ) ' 



Clearly, u (a;u,v,x) is continuous and does not exceed 1. For the particular 
case u = (1, 1, u) we use one more notation 

w * ^ u ' w ' *) ■= rziYTw\ *w v (35) 

1 + (A + /(w)e x ) k(m) 
With the functions above and v = (v 1 ,v 2 ) we associate the functions 

2 2 

f2(A;u, v, x) := w (A; u, vu x) , Q* (\;u,v,x) := JJw* (A;«,«i,a;) . 
j=i i=i 

Let now U [nt] = ( t^, E^, and V[„ t ](ri,r 2 ) be the same as in 

Lemma [T2l above with one exception: one should take a = 1 in the definition of 
the components of Ur„ t i. 

By Lemma [5] and relations (|3"!?)) and (|3"3")l we see that the following statement 
is valid. 
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Lemma 12 Under conditions Al to 



E 



( A;U [nt ], V [nt ](7-i,r- 2 ),5 ri J e 6 ";r(n) 



E [e s ™; r(n) = n] 
il* (A; u, v, -z) P+ (B+ e d«) P (Voo(n , ra) e dv) Mi (da 



To go further, observe that if the offspring probability functions are fractional- 
linear, then by Lemma [7] for any 0<m<n,s£ [0, 1], and < r 2 < r± < 1 



h,m(sfm,n(ri)) - ,/o,m(s/ m ,„(r 2 )) 

:= sGm, n (s;n)G m ,„(s;r 2 )e 



(l-n)(l-r 2 ) 



(36) 



where 



1 fm 3 n(x) 



e -s m + (l - sf m<n (r)) b m 

1 + [(1 - a) e s ™ + a (1 - / m ,„(r)) e s ™- s " x e s ™} b r , 
(l-/ m ,„(r))e s «- s " 



(37) 

e- s " + [(1 - a) e s me -s n + s (1 _ /m n(r) ) e s m -s„] 6m ( 38 ) 
< G m , B (l;r) = l-/ ,„(r)<l. (39) 



Introduce the notation 



Y t {n) :=Z [n(] e- s H,t e (0,l), 



Clearly, for A > 



E 



; T = n + 1 



E 



e-^ W (°) ~ fin (0)JJ = E[F„ >t (A)], 

where, in view of (|36[) and with s = s(A) := exp {— Ae - " 5 !™*] } 

■Fra.t (A) := / ,[ni] («/[nt],n (/(0))) - /o,[nt] (s/[nt],n (0)) 
= sG [nt] ,„(s; /(0))G [nt]n (s; 0) e - s »X J (1) . 

Lemma 13 For each fixed j 

A*(X) := lim n 3 / 2 E[^ n , t (A);r(n) = j] = K{& [e^I (r(j) = j) Xj (1) A^X)] , 
^*( A ) : = //// e*(o i ,6 j ,A;u,v,-z)P+(B + edtt)PjCV oo (/(0),0)Gdv)^(d2!). 
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Proof. Let, as earlier, F* be the er-algebra generated by Qi,..,Qj and Q. 
Denote 



U {1) ■= 



1 — exp j — XdjB ^t«t]-J | 



? [nt]-j) 



^,n,t(r) := (l - ^nt]-i,T.-i(r)j e S M-,-^-i. 



By splitting S n as (5„ — Sj) + Sj we deduce from (1551) and (|5§f that for s 



5(A) = expi-Aaje^Mi-jj and r E [0, 1) 



G nt , n {s;r)I (r(n) = j) 



^f,n,*(r) 



%e-«»- + [Aojl/^e-^-i + E/£^, „, t (r)] (6, + ajC/g^) 

X/ (r(i) = j) J >0) 
= 9 (a j) b j ,X;V jtn , t) V j , n , t (r)J n - j )l(r(j)=j)I^L n ^ > 0) < 1. 

Hence it follows that 

E [F n , t (A) ; r(n) = i] = E [e"^7 (r(j) - j) X/ (1) A* ntn (A)] , 

where 

A*„ tjn (A) := E [e (a i ,6 i ,A;U J> , t ,V il „ J t(/(0) > 0),^ n _ i ) e^-';^ > 0\T* 

Using now Lemma [TUI the asymptotic representation ([5]) and applying the dom- 
inated convergence theorem we see that 



lim 7i 3/2 E[F, M (A) ; r(n) = 



Jl 



= E e~ s ' J (r(j) = j) ^ (1) lim n^ 2 A*^ n (A) 
= K r E [e- s H(T(j)=j)X f (l)A*(\)] = A*(\), 

as desired. 

Lemma 14 for any fixed j 

B*A\) := lim n 3 / 2 E [F„, t (A) ; r(n) = n - = 7sT 2 E [e^7 (% > 0) X/ (1) B*{\) 

J n—too L V / 

where 

B*{\) := Iff n*(\;u,v,-z)Pt(B+Edu)p- ^(^(/(O)), / Oli (0)) € dv) Ml 
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Proof. Let Fn-j+i.n+i be the er-algebra generated by Q n _j+i,.., Q n +i- 
Denote 



(1) _ 1-expj-Ae (2) r_ A s„n ^(3) ._ b 



V jtn , t (r) := (l-/„t,n-i(r))e s »*- s -'. 

By splitting 5 n as (S n ~ Sj) + Sj and letting s = s(A) = exp {— Ae _s,lt } and 
r S [0, 1) we deduce from ([37]) and that 



G nt , n (s; r)I (r(n) = n - = G nt>n -j(s; / n _j, n (r))7 (r(n) = n - j) 
d Vj,n,t{fo,j( r )) 



1 



A^ t ) + f/S^>,t(/o,i(r))e^-i 



C/ (3) 



/(r(n-i) = n-i)J > 



w (A;U n ,i ) ^ > , t (/oj(r)),S„_ i )/(r(n-i) = n-i)7(4 >0) < 1. 



Hence 



E[F„, t (A);r(n) = n-i] - E[E [F n<t (A) 7 (r(n) = n - j) | .F n _ 

'seS'XfWlftjZO) B*(\) 



E 



where 



B* ttJ (X) :=E [r»(A;U^,V J - n , t (/ Oj (/(0)),/ Oj (0)),^) e i "-;r(n-j) =n-j 

The needed statement follows now from Lemma [12] and the dominated conver- 
gence theorem. 

The following lemma is crucial for our subsequent arguments. 
Lemma 15 For any t G (0, 1) , asn^oo 

c(Y t (n) \T = n + l) ^C{W) 



weakly, where W is an a.s. positive proper random variable. 

Proof. Relation (|22l) gives for sufficiently large n and all N > N (e) 

E[F n j(\);N <r(n) < n - N] 

< P(T = n + 1; N < r(n) < n - N) < £7i~ 3/2 . 

By Lemmas [13] and [14] for each fixed TV 

N 

lim n 3 / 2 E [F„. t (A) ; r (n) £ [JV + 1, n - N]} = V (.A* (A) + S*(A)) 

J=0 



(40) 



17 



which, in view of (|28[). implies 
H*(X) = Ee- xw := lim E L ~ AW 



\T = n+ 1 



ff(l) 



£(.A*(A)+£*(A)) 



It follows from the definitions and (|35p that 



lim 0* (a, /3, A; u, v, a;) =0 and lim Q* (A; u, v, a;) =0 

A— >oo A— >oo 

leading by the dominated convergence theorem to liniA^oc H*(\) = 0. Thus, 
the distribution of W has no atom at zero. On the other hand, again by the 
dominated convergence theorem, 

lim^(A) = K{E [e-^7(r(i) = j) X f (1) A*(0)] , 



AJ,0 



where 
A*(0) :- 

We know by (J34J) that 

Voo(/(0),0) = 

which leads to 



6* (a j ,b j ,0;u,v,-z)P+ (B+ S du) Pj (V^/^O) G dv) (dz) 



B- + (1- /(0)) -1 ' S- + 1 



A*(0) 



6* -/,.'/,. 1 1: 



v + {i-f{Q))- x 'v + r 

xP+ (B+ e du) P~ (B~ e dv) v x (dz) . 
Recalling (|T5|) and ([29]) we see that for any /i > 

^{ha^b^a^u^v^-z) = — 1 ■ — 

ajhe z + bj + Ojit + aje z v 

{v + hy 1 

aje z + (v + h) 1 (fej + aju) 

Hence, letting h — 1 and ft, = (1 — /(0)) _1 we obtain 
1 1 



0* aj,b j: 0;u, 



v+ii-mr^v+v 



This equality, and representations (|25|) and (|26| show that lim^o = -4j(0) 

for any j = 0, 1, .... In a similar way one can prove that lim^o B*(X) = Bj(0) 
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for any j = 0,1,.... This implies lim^o H * (A) = H(l). Thus, the distribution 
of W has no atom at infinity. 
The lemma is proved. 

Proof of Theorem [2]. For fixed 5 € (0, 1/2) we introduce the process with 
constant paths 

W t n :=e- s WZ [nS] ,te {5,1-5}. 

By Lemma [15] C(Wp,S <t<l—5) — > C(W) in distribution in the space 
D [5, 1 — 5] with respect to the Skorokhod topology. Since the limiting pro- 
cess is continuous, we have convergence in the metric of uniform convergence as 
well. To prove the theorem it is sufficient to show that for all e > 



lim P ( sup \Y t n - W?\ > e T = n + 1 ) = 0. (41) 
i *e[<s,i— <s] 



To simplify the subsequent arguments we introduce for 5 G (0,1/2) and 
M > 1 the events 

V(s,5):=\ sup \YT-W?\>A, K(M,5):={Y 1 n _ s e[M- 1 ,M}} 
[te[s,i-s] J 

and denote by K. C (M,5) the event complimentary to K(M,5). In view of 
Lemma [TBI for any 7 > there exists M such that for all n > n(7, M) 

P (2? (e, 5) n /C C (M, 5), T = n + 1) < P (/C C (A/, <5),T = n + 1) < 771- 3 / 2 . 

Besides, by the arguments used to demonstrate ([22j) one can show that for any 
7 > there exists N such that for all n > 71(7, N) 

P(V(e,S)ntC(M,8),T = n + l]T(n) £[N + l,n- N 

< P (T = n + l;r(n) G [JV + l,n - JV - 1]) < jn~ 3/2 . 

Clearly, for any m < n 

R(Z m , n) := /|:; +1 (0) - fyO) < Z m f^{0) (/ m ,„+i(0) - / m ,„(0)) 

= Z m f,l : - + \(Q) (1 - / ro , n+ i(0)) (1 - / m ,„(0)) e s ™- s «X fn+1 (1) . 

Hence, by the inequalities 1 — f m ,n+i (0) < 1 - /m,n(0) < e s "- s - and (JSJ and 
Assumption Al we see that 

R{Z m ,n) < ^-e s "X fn+1 (1) < p^- e s ". (42) 

On the other hand, by the inequality 1 — x < e~ x , x > 0, we get 

fcKO) = (1 - (1 - / m ,n+l(0)))^ 1 < e -^(l-/- +1 («» 1 

Jm,n+l(,UJ Jm,n+iyJ) 
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which, in view of the estimates 

/m,n+l(0)>/ m +l(0)>X, - 

gives 



l-/m,»(0) 1 < 1 <2 



/ m ,n+l(0) " l-/ m+ l(0) " 1-X 



R(Z m ,n) 



< -pe zi >™(l-f m , n+1 (0))-e 



2.-Z m (l-/ m ,„ +1 (0)). 



1 - /m,n(0) 



f 771,71+1 (0) 1 -/ m ,n+l (0) 



(43) 



(1) 



<2/>X 



-1 _o 2 

— j — e "supx exp s 



For m = [n(l — (5)] inequalities (J32) and (|4U)) give 

R(Z [n(1 _ s)] ,n)I(lC(M,6)) < P Me s " 

and 

R(Z [n(1 _ s)] ,n)I(IC(M,S)) < 2p X ~ 1 Me- s » S upx 2 e- xM - 1 

x>0 

< Hpx' 1 M 3 e- 2 e- Sn . 

Recalling that by Lemma 3.8 in 2 



(44) 



(45) 



p(x>M)|n)< E - 



n(l-S)] 
i—nS 



A 1 =: U n 
(46) 



we get by means of (145|) for a fixed j 6 No 

S w) (n) := P(D(e,5)n/C(M,<y).r = n + l;T(n) = j) 

= E [j (D ( e> 5) n /C(M, 5)) (/fi^^+i (o) - /Si-"«n!n(o)) i '■W = i 

< 8px _1 ^ 3 e- 2 E [J (X> (e, <$)) e" 5 "; r(n) - j] 

< 8px _1 M 3 e- 2 E [W„e- S " ; r(n) = j] . 

By Lemma 3.1 in [2J, for all a; > 

W„ ->■ P+ - a.s. 

Hence, applying the arguments similar to those used in the proof of Lemma [TBI 
we see that, as n — )• oo, 3(j-\(n) = o(n -3 / 2 ) for each fixed j. Further, using 
inequality (|44|) we get 

S (i) (n) := P (£> (e, <5) n KL{M, 5), T = n + 1; r(n) = n - j) 
< pA/E \U n e Sn ; r(n) = n - j] . 
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Applying now arguments similar to those used to demonstrate Lemma [H] one 
can show that asm oo, E^'(n) = o(n~ 3 / 2 ) for each fixed j. 

Combining the estimates above and taking first the limit as n — > oo then as 
7 1 and, finally, as M — > oo we arrive at (j^Tj) . 
The theorem is proved. 
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